We formulate a generic concept model for the deformation of a locally disordered, macroscopically homogeneous material which undergoes irreversible strain softening during plastic deformation. We investigate the influence of the degree of microstructural heterogeneity and disorder on the concomitant strain localization process (formation of a macroscopic shear band). It is shown that increased microstructural heterogeneity delays strain localization and leads to an increase of the plastic regime in the macroscopic stress-strain curves. The evolving strain localization patterns are characterized and compared to models of shear band formation published in the literature.
I. INTRODUCTION
Strain softening, loosely defined as a decrease of load carrying capability with increasing plastic deformation of a material, leads to strain localization (formation of shear bands) which in turn may lead to catastrophic failure of a material. If the width of the shear band is small as compared to the specimen dimensions, the macroscopic strain associated with the localized deformation may be small and failure occurs immediately after the material enters the softening regime. In materials where irreversible softening occurs shortly after yield, this may lead to a brittle appearance of the stress strain curves even though the failure mode is actually ductile. The most prominent example of this type of behavior are metallic glasses -a class of materials with potentially outstanding mechanical properties 1 but whose application is hindered by a propensity to fail shortly after yield by catastrophic shear band formation. The softening mechanism is in this case most likely associated with a shear-induced increase in free volume 2 though thermal softening associated with localized, adiabatic heating has been discussed as an alternative explanation (see e.g.
3 ).
Metallic glasses are an obvious example of materials which exhibit local structural disorder -in this case down to the atomic scale. However, if one looks at defect microstructures, even crystalline solids exhibit (micro)structural disorder on scales well below the scale of a typical macroscopic specimen. On even larger scales, microstructural disorder is present in solid foams. In all these materials, one may legitimately ask how the macroscopic deformation behavior is influenced by the microstructural disorder and the associated length scaleswhich in the examples given may range from nanometers (for metallic glasses) up to millimetres for solid foams. For the case of transient softening, as observed in compression of metallic foams, it has been shown that increasing the microstructural heterogeneity may actually lead to a more homogeneous distribution of deformation on the macroscopic scale 4 . In the present paper we consider a generic model which accounts for heterogeneity and randomness in the material microstructure and microstructure evolution, in conjunction with strain softening. The model builds upon the scalar plasticity model of Zaiser and Moretti 5 which was originally introduced for single-slip deformation of crystals with disordered dislocation microstructure, but has recently been used by many authors to model the inception of shear bands in amorphous materials and the associated avalanche phenomena (see e.g. [6] [7] [8] [9] ). We generalize this model to explicitly introduce a strain softening mechanism. We first describe the model and then use it to study how the simulated deformation behavior depends on the degree of microstructural disorder (scatter of the distribution of local flow stresses). In particular we study the strain localization process and the concomitant stress strain curves, which demonstrate that increasing the disorder can delay strain localization and thus lead to a significant increase in macroscopic ductility.
II. THE STOCHASTIC CONTINUUM PLASTICITY MODEL
The model was originally formulated for single slip crystal plasticity. Accordingly, the plastic strain is characterized by a scalar shear strain variable γ. Plastic deformation is assumed to proceed in discrete, localized events which occur once the local stress in a volume element exceeds a threshold value. An elementary slip event at r creates a localized plastic Eigenstrain ∆ pl (r) = ∆γ pl M δ(r) which we model as a point-like Eshelby inclusion 10 . As a consequence of such an event, the internal stress field in the specimen volume changes. Increases in local stress in parts of the volume may trigger further localized events, leading to an avalanche which only terminates once the local stresses in all volume elements fall below the respective thresholds.
In the present work we consider a 2D system where an infinitely extended specimen mimicked by periodic boundary conditions is, by remote boundary displacements, subject to a pure shear stress in the xy plane.
Thus, the stress tensor σ has only one independent component τ (r) := σ xy (r). As stated above we assume that also the plastic strain tensor has only one independent component, hence pl (r) = γ pl (r) M where γ pl (r) is the local plastic strain field and M = (e y ⊗ e x + e x ⊗ e y ) /2. The stress acting on a volume element at r can then be evaluated as the sum of the external stress and the internal stress associated with the inhomogeneous plastic strain field, τ loc (r) = τ int (r)+τ ext . For an infinite body, the internal stress can be evaluated as the convolution of the plastic strain with an elastic Green's function G E , τ int (r) = G E * γ pl (r). Discrete plastic strain increments occur when the local stress reaches a local yield threshold τ c (r), hence the elastic domain is defined by the inequality
(1) The quantity τ th quantifies the distance of a given site from its yield stress. As long as this quantity has a positive value, the site behaves elastically. Before specifying the evolution of plastic strain which occurs once the inequality 1 is violated, and the concomitant rules for assigning and evolving the local yield threshold τ c (r, t), we first need to specify the implementation of the model on a discrete lattice and explain the manner how stresses are evaluated.
A. Discretisation and stress evaluation
The Eq. (1) is space-discretised on a square lattice of size L × L with periodic boundary conditions, where the edges of the square unit cell of size d×d are oriented along the x and y directions. To each cell we assign a single value of the local strain, the local yield stress and the local stress. Where it is not noted otherwise, distances are henceforth measured in the unit of d. L is always an integer, and in this paper, a power of two: L = 2 n . The stress and strain fields generated by an elementary slip event are calculated as follows ( Fig. 1 illustrates the calculation.) The cell under deformation is cut along the x and y direction. The upper part is moved by a distance b along the x direction and the right side is moved by b along the y direction according to the sign of the shear stress acting on the cell. Then, the 4 parts are glued back together. Next, an elastic deformation is applied which transforms the cell back to its original shape so it fits its original place in the sample. The cell is placed back to its original position and the sample is elastically relaxed. The average plastic strain generated by this process in the cell is ∆γ pl = 2b/d. The process is equivalent to adding four edge dislocations 11 with the respective Burgers vectors be x , be y , −be x , −be y at the centerpoints of the right, top, left and bottom sides of the cell. Accordingly, the stress field can be evaluated as the superposition of the stress fields of these four dislocations. Periodic boundary conditions 
FIG. 1.
In the elementary slip event, a cell is cut into 4 pieces which are displaced according to the acting shear stress and then glued back together. This cell is inserted back into the original lattice and forced elastically to fit, generating an internal stress field.
are implemented by adding to the stress fields of the four dislocations those of their periodic images which form an infinite lattice of period L (for details of the method used for evaluating the lattice sum, see 12 ). We evaluate stresses at the cell centerpoints, hence, the stress field induced by a elementary slip event ∆γ
pl at the centerpoint of the active cell is
where µ is the shear modulus and ν is Poisson's ratio. The overall internal stress acting in an arbitrary cell (i, j) is evaluated as
(2) Here γ pl k,l (t) is the plastic shear strain in the cell (k, l) which is the sum of all local strain increments that have occurred in this cell up to time t. The kernel G E k,l is the sum of the stress fields of four dislocations as detailed above, evaluated at the cell centrepoints. This method of evaluation of the internal stress field ensures that the average of the internal stress is zero, as required by stress equilibrium in an infinite body. Numerical values of the kernel
The external stress is controlled by remote displacements acting on the system which impose a total (elastic and plastic) shear strain γ tot . Since the average of all internal stresses is by construction zero, stress equilibrium requires that
B. Stochastic flow rule
We consider a quantized, discrete plasticity model where plastic strain increases locally in discrete, finite amounts whenever the inequality, Eq. (1) is locally violated. If this is the case for any site (k, l), we increase the plastic strain γ pl k,l at this site instantaneously by
This means that the strain in increased by a value that sets the local stress to zero if this value is less than ∆γ 0 , or otherwise by ∆γ 0 .
Local structural disorder is taken into account in terms of random variations of the local flow threshold τ c (r). We assume that the system is statistically homogeneous and that the size of a cell is larger than the spatial correlation range of the microstructural disorder that gives rise to local flow stress variations. Hence, the local flow thresholds are considered as independent, identically distributed random variables τ c k,l which we take to be Weibull distributed with exponent β and mean value τ (henceforth: 'coupling constant') which controls the magnitude of the internalstress re-distribution after a deformation event relative to the average flow stress. In the following we make the simplifying assumption that ν = 0.353 in which case I = µ∆γ 0 /τ c 0 equals the scaled local strain increment. The local stress reduction at the site of a unit deformation event is then I and the external stress reduction associated with the same event is I/L 2 . Simulations are performed as follows: We assign initial flow thresholds to all sites according to the prescribed Weibull distribution with exponent β and mean 1. We then determine the site with the lowest threshold and increase the total strain γ tot such that the concomitant stress increase as given by Eq. (3) exactly matches the threshold, triggering the first deformation event. After the event, which is supposed to occur instantaneously, we re-compute all stresses while keeping γ tot fixed, evaluate the local threshold stresses τ th k,l for all sites, and check whether there are additional sites which become unstable (τ th k,l < 0). If yes we increase, still at fixed γ tot , the strain at the unstable site with the lowest value of τ th k,l , thus implementing an extremal dynamics. We repeat this until there are no more unstable sites (the avalanche has terminated). The plastic strain and the stress at this point are evaluated from Eq. (3). We then determine again the site with the smallest threshold, increase γ tot such that the concomitant stress increase as given by Eq. (3) makes this site unstable and triggers the next avalanche. We repeat this cycle of avalanche triggerings until the local strain of at least one site reaches the value γ pl k,l = 1/f such that the strength of this site becomes zero. This is tantamount to the nucleation of a microcrack which we take as a signature of impending system failure. The concomitant average plastic strain defines the system failure strain γ pl f .
III. RESULTS
Simulations were performed for Weibull shape parameters β = 1, 2, 4, and 8, coupling constants I = 0.125, 0.25, 0.5, and 1, and for system sizes L = 32, 64, 128, 256 and 512. In each case ensembles of 512 simulations with statistically independent initial conditions were performed. The softening parameter f was kept fixed at f = 1/16.
A. Stress-strain curves
Average stress-strain curves were obtained by averaging the external stress at a given deformation over the simulations as shown in Fig. 3 .
The curves exhibit three different regimes: An initial quasi-elastic loading regime is followed by a transition to a plastic deformation regime where the stress increases with strain (hardening regime). The elastic and hardening regimes are system size independent. The hardening regime is followed by a transition to a softening part where the stress decreases with macroscopic strain. The simulations are terminated once microcrack nucleation occurs as indicated by a complete loss of strength at one or more sites. The corresponding failure strains are much below the expectation γ f = 16 for a homogeneous system, indicating a significant degree of deformation localization. We also observe that the softening regime is system size dependent: The stress decrease occurs more rapidly and failure occurs at lower strains in larger systems. Such system size dependence again indicates some kind of deformation localization. We therefore proceed to investigate the strain patterns that emerge in the different deformation stages.
B. Patterns in the strain maps Figure 4 illustrates the changes in the strain patterns that occur during the softening regime. At the peak stress before the onset of softening, deformation is macroscopically homogeneous but exhibits mesoscale patterns in the form of numerous diffuse shear bands which follow the planes of maximum shear stress, here aligned with the x and y directions. These patterns are more pronounced with increasing degree of disorder. Note that the peak stress is reached later in the more disordered sample (top left graph in Fig. 4) , hence the overall strain is bigger. During the softening regime we observe a qualitative change in the patterns as most of the additional strain accruing during the softening regime is localized in a single shear band which also contains the location where microcrack nucleation takes place. This shear band is sharper and more pronounced in the sample with less disorder (bottom right graph in Fig. 4) .
The formation of a localized shear band is in line with
Strain patters at the highest external stress just before the onset of softening (left) and at the end of the simulation (right); β = 1 (top) and β = 4 (bottom); other parameters:
the ideas of classical continuum mechanics which predicts localization to occur, in a system without boundary constraints and under pure shear loading, at the transition from strain hardening to strain softening regimes. To better characterize this behavior we now seek to define a quantitative measure for the strain localization process.
C. Deformation localisation
In order to quantify strain localisation we investigate the spatial distribution of the incremental strain. We divide the average stress-strain curve into n = 50 intervals, the kth interval is defined by γ pl ∈ γ pl,k , γ pl,k+1 , γ pl,k = k γ pl f /n. The plastic strain increment occurring at the site (i, j) during strain interval k is denoted as ∆γ pl,k i,j . We now use that a shear band has a planar shape. For any given plane P we can define a scalar measure of distance which characterizes the distribution of the incremental strain with respect to the plane. To this end we denote the distance between site (i, j) and the plane P as d P,⊥ i,j . (Because of the periodic boundary conditions used, we evaluate d P,⊥ i,j as the minimum distance between the site (i, j) and any of the periodic images of P). We now define
For a completely homogeneous distribution of the plastic strain increment, we have d For a heterogeneous distribution we identify the plane for which d P γ,k has the smallest value and define a localization parameter η as
This parameter takes the value η k = 0 for a statistically homogeneous distribution of the plastic strain increment, and the value η k = 1 if the incremental strain is completely localized on a single plane. It can be seen in Fig 5 that in all simulations the localization parameter η starts at η = 0 and then gradually increases during the hardening regime. Immediately after the peak stress is reached and the system enters the macroscopic softening regime, η increases rapidly towards η = 1, indicating the localization of deformation in a single shear band. The comparison of the strain evolution of η and τ ext clearly demonstrates the correlation. It is equally evident that an increasing degree of disorder (decrease of the Weibull exponent from β = 8 to β = 1), even though it leads to an earlier onset of plastic flow, extends the hardening regime to larger strains and delays the onset of deformation localization. The role of the coupling constant I, which reflects the magnitude of the local strain increment, is more ambiguous: for small disorder, large values of I seen to promote localization whereas for large disorder, the opposite is the case.
We now look at the distribution of incremental strain around the final failure plane. This is shown in Fig. 6 which depicts shear band profiles for large disorder (β = 1) and for small disorder (β = 8), recorded for different values of the localization parameter η. The width of the shear band is almost the same in both cases, however, localization of deformation around the final failure plane happens later in case of large disorder. This looks strange at first glance, given that the curves compare situations with equal value of η, however, the reason is simple: In case of large disorder, deformation first localizes in a transient manner (i.e., on slip planes that are in general not close to the final failure plane) and localization on the final failure plane happens after extensive deformation activity has occurred elsewhere. In case of small disorder, by constrast, deformation localizes on the final failure plane almost from the onset.
D. Mean strain to failure
The beneficial effect of disorder on ductility is also borne out when we consider the mean strain at failure. This strain is system size dependent and decreases with increasing system size. This dependency can be rationalized by making the simplifying assumption that the system deforms homogeneously during the hardening regime, accumulating a homogeneous strain γ h , whereas all strain accruing during the subsequent softening regime is localized in a slip band of finite width d β . Failure occurs once the plastic strain in the band reaches the value γ loc f . Then the mean strain at failure is
We can thus fit the system size dependence as γ f = c 1 + c 2 /L where the parameter c 1 defines the homogeneous strain γ h which is also the failure strain in the infinite system limit. This strain is plotted in Fig. 8 as a function of the Weibull exponent β. Again we see that larger microstructural disorder leads to an increase in ductility of the strain softening material. For large systems (L → ∞) the increase is quite dramatic -between Weibull exponent β = 8, corresponding to a coefficient of variation of 0.148, and Weibull exponent β = 1 (coefficient of variation 1), the strain to failure increases in this limit by a factor of about 60.
E. A local criterion for shear band growth
Failure of a macroscopic system occurs once the first macroscopic (system spanning) shear band forms and deformation localizes there. However, embryonic shear bands are present already before the onset of softening (Fig. 4) . At this point we ask whether we can establish a criterion which allows us to better understand the conditions for the emergence of a macroscopic shear band. To this end we assume a pre-existing shear band of some extension and investigate its growth. The stress concentration at the tip of a straight band with a width of one cell can be estimated as The band expands if this stress concentration triggers a deformation event at one of the sites ahead of either tip. We denote the stress needed to activate a site with ∆τ (we might also call this the residual strength of the site), and the probability that a randomly chosen site is activated by a stress increment ∆τ < τ * as P (∆τ < τ * ). We now investigate the evolution of the probability P (∆τ < τ tip ) (i.e, the probability that an advance of a band triggers another advance straight ahead) as a function of strain. Figure 9 indicates that this probability increases continually with increasing strain until it reaches a level of about P (∆τ < τ tip ) ≈ 0.3 which does not depend on the model parameters (disorder parameter β, coupling constant I). At this critical value, P (∆τ < τ tip ) suddenly drops. This drop coincides with the formation of a system spanning shear band where deformation localizes: the associated stress drop reduces the value of P (∆τ < τ tip ) everywhere except in the b and itself where the local strain softening maintains it at the critical level for sustained shear band operation.
Despite significant variations in the distributions P (∆τ < τ * ) which depend strongly on the disorder parameter β, we observe that critical value of P (∆τ < τ tip ) is quite universal. This leads us to the conclusion that shear band growth is driven by processes occurring at the tip of an incipient shear band, and that it depends on the interaction of the shear band tip with the local distribution of the residual strength whether or not shear band growth can occur. Indeed, if we account for the fact that shear bands may grow at both tips, and that growth may not necessarily be constrained to expansion straight ahead but may occur via sideways deflection (thus, at each tip there may be three sites available for continuing growth), we can estimate that a critical probability of the order of 1/3 for triggering a site at the crack tip may be sufficient for sustained growth of a shear band.
Thus our analysis leads us to envisaging shear band formation as essentially a two-stage process: In a first stage, local yielding and the concomitant stress re-distribution lead to a system-wide re-shuffling of the residual strength distribution in such a manner that the triggering probability P (∆τ < τ tip ) at the tip of an incipient shear band gradually increases. During this stage, deformation is macroscopically homogeneous, even though shear band nuclei are continuously forming and getting again inactivated. The duration of this latency stage depends on the degree of disorder and increases with increasing disorder parameter β. As soon as the triggering probability reaches a critical value P (∆τ < τ tip ) ≈ 0.3, a transition to a second stage occurs where the flow process is governed by the rapid formation of a system-spanning shear band where deformation localizes. In large systems, this leads to near-instantaneous failure.
It may be noted in passing that the residual strength probability distribution P (∆τ < τ * ), notably its behavior near the edge of stability, ∆τ → 0, has recently been conjectured by Wyart and co-workers 9,13 to play a crucial role in the dynamics of similar models as the present one but without softening. In these works it is argued that the spatial organization of slip in shear bands is largely irrelevant during the approach to failure, and that the non-local elastic kernel can be approximated by a random stress re-distribution in a mean-field model which by construction destroys any spatial correlations. Our observations, by contrast, point to the importance of correlated shear band growth in controlling system stability as soon as some degree of softening is introduced into the model.
IV. DISCUSSION AND CONCLUSIONS
We studied the deformation and failure behavior of microstructurally disordered model materials which exhibit irreversible strain softening and therefore fail by shear band formation. Contrary to the intuitive idea that increased microstructural heterogeneity may facilitate shear band nucleation and therefore have a negative impact on deformability, we find a strong positive effect of increased heterogenity and randomness on the deformation properties. Increased microstructural heterogeneity indeed leads to an earlier onset of deformation in the form of diffuse shear bands -an effect that is easily understood within the classical paradigm of weakestlink statistics (for a discussion in the plasticity context see e.g. 14 . However, the same heterogeneity prevents the spreading of shear bands and their coalescence into a system spanning macro-shear-band. The earlier onset of deformation is matched by an extended hardening regime, associated with the elimination of weak regions from the microstructure. This hardening can be envisaged as a survival-bias-hardening (easily deformable configurations are eliminated, stronger configurations survive) and becomes more pronounced with increasing scatter in local strength. Only after the survival-bias-hardening is exhausted, structural softening takes over and promotes macroscopic deformation localization. In line with classical concepts of continuum mechanics of homogeneous materials, the onset of macroscopic localization neatly coincides with the peak stress where the system enters the softening regime of the stress strain curve.
Our findings indicate that, in microstructurally disordered materials where ductility is limited by shear band formation, it may be a good idea to increase the degree of microstructural heterogeneity -an increase which results both in an increase in strength and in a very significant increase in ductility. In the context of metallic glasses, our findings match well with ideas to increase the ductility of metallic glasses by introducing a second interface phase 15 or by embedding nano-crystallites into a glassy matrix 16 -ideas which are tantamount to increasing the scatter of local deformation properties within a generally disordered microstructure.
Of course, it is a well established idea that strong-yetductile materials can be engineered by combining weakbut-ductile and strong-but-brittle components into heterogeneous composite microstructures. However, this is not what we are studying in the present work: As manifest from the constitutive relation of our model material, volume elements of different strength are assumed to fail at the same local strain. If we investigate the evolution of the final, macroscopic shear band, then we can see little difference between weakly disordered and strongly disordered microstructures (Fig. 6) . Nevertheless, the overall deformation behavior is radically different in both cases, because the disorder extends the hardening regime and prevents local shear band nuclei from coalescing into a macroscopic shear band. To understand this behavior it is necessary to go beyond the investigation of averaged, effective materials properties and move towards an understanding of the manner how fluctuations emerge and extend across scales. This viewpoint is corroborated by investigations of models similar to the present one which demonstrate the emergence of scalefree, system spanning correlations in the internal stress and local strain patterns 17, 18 . As a consequence of such correlations, the emergent macroscopic materials behavior can neither be inferred from local statistics (e.g. using weakest-link arguments) nor can it be related to the properties of small, circumscribed representative volume element. Thus, novel conceptual tools may be needed to exploit the possibilities created for improving materials performance by exploiting the manner in which local fluctuations in materials properties may not only influence, but qualitatively change the macroscopic behavior of materials.
